M434 
DIFFERENTIAL 
GEOMETRY 


TheOpen 
g University 
Mathematics: A Fourth Level Course 
M434 Differential Geometry 


Part Ill Euclidean Geometry 


Prepared for the Course Team 
by Bob Margolis 


Set book 


Barrett O'Neill, Elementary Differential Geometry, hardback edition (Academic 
Press, 1966). 


It is essential to have this book; the course is based on it and will not make sense 
without it. 


The set book is referred to as O'Neill. 


The Open University, Walton Hall, Milton Keynes, MK7 6AA. 
First published as M334 1976. 
First published as M434 1993. Reprinted 1996. 


Copyright © 1993 The Open University 


All rights reserved. No part of this publication may be reproduced, stored in a retrieval system. 
or transmitted in any form or by any means, without written permission from the publisher or a 
licence from the Copyright Licensing Agency Limited. Details of such licences (for reprographic 
reproduction) may be obtained from the Copyright Licensing Agency Ltd of 90 Tottenham Court 
Road, London, W1P 9HE. 


Edited, designed and typeset by the Open University using the Open University TEX System. 
Printed in the United Kingdom by Hobbs the Printers Ltd, Totton, Hampshire. 
ISBN 0 7492 4772 X 


This text forms part of an Open University Fourth Level Course. If you would like a copy of 
Studying with The Open University, please write to the Central Enquiry Service, PO Box 200, 
The Open University, Walton Hall, Milton Keynes, MK7 6YZ. If you have not already enrolled 
on the Course and would like to buy this or other Open University material, please write to Open 
University Educational Enterprises Ltd, 12 Cofferidge Close, Stony Stratford, Milton Keynes, 
MK11 1BY, United Kingdom. 


1.2 


Contents 


Introduction 

Isometries 

Derivative maps of isometries 
Orientation 

Euclidean geometry 


Congruence of curves 


aoa oF WN FH 


Summary 


Solutions to the exercises 


Introduction 


This part rounds off the study of curves as such, although curves will play an 
important role in the study of surfaces. The main aim of Chapter III of O’Neill 
is to prove a theorem to the effect that the curvature and torsion functions of a 
unit-speed curve completely determine the curve, except for the precise position of 
the route of the curve in E. 


In order to state the theorem precisely, we have to define exactly what is meant by 
two curves being ‘the same’. The notion that we need is that of an isometry of 
E’. 

The first four sections are devoted to isometries. Section 1 defines isometries, links 


them to ideas of linear algebra and then shows that all isometries can be expressed 
in a form that makes computations easy. 


Section 2 investigates the derivative maps of isometries. Since we shall be dealing 
with curves related by an isometry, we need to understand how isometries act on 
tangent vectors defined on the curves; this is precisely what the derivative map tells 
us. 


In Section 3 we tackle the problem of distinguishing between left-handed and right- 
handed objects. The concept that we require is orientation. The need for such a 
concept can be illustrated by considering a circular helix, say, and its reflection in 
the xy-plane plane. In all respects except the ‘handedness’ of the spiral, the two 
helices are the same. The process of reflection (an isometry) is different in some 
essential respect from, say, translation (another isometry). 


With the ideas from Sections 1-3, it remains to find out only how isometries affect 
acceleration of curves. We know that, in general, mappings do not preserve accel- 
eration. However, isometries do and this will be important for the theorem that we 
are aiming to prove. 


Finally, Section 5 puts together the ideas about curves embodied in the Frenet 
apparatus and formulas with the work on isometries. 


It may not always be apparent where the detailed work on isometries is leading. It 
may help if you remember that all the information about a curve a is contained in 
a and its first three derivatives. So, to understand the relationship between curves 
and isometries, we must be able to describe isometries and to understand what 
isometries (or, to be precise, their derivative maps) do to the derivatives of a curve. 


Study advice 


The following represents a possible plan for study weeks. 
Week 1 O’Neill, Chapter III, Sections 1-3. 
Week 2 O’Neill, Chapter III, Sections 4-5, the summary and TMA02. 


We shall actually define what 
we mean by the routes being 
the same. 


This was tackled in 
Chapter I. 


We have formulas for the 
Frenet apparatus in terms of 
@ and its first three 
derivatives. 


1 Isometries 


Read O'neill: Chapter Ill, Section 1, pages 98-102. 


Erratum O'Neill, page 102, the last line of text should read: 
‘Alternatively, ...,q= F(p)...’. a 


This section has two aims. 
(a) To define what is meant by an isometry. 


(b) To show that any isometry can be expressed as an orthogonal transformation 
followed by a translation. 


The second aim is important because it makes calculations with isometries very 
easy. It also makes the construction of an isometry to do a particular task a 
relatively straightforward process. 


Isometries The mathematical concept of isometry is intended to formalize the 
idea of a rigid motion, a motion which changes the position of objects but not 
their size or shape. In particular, the distance between two points after the rigid 
motion must be the same as the distance between them before it. This property of 
preserving distance is taken as the defining property of isometries. 


Many of the transformations that you have met before are isometries. Intuitively, 
it is fairly clear that rotations, reflections and translations are isometries. O’Neill 
deals explicitly with translations and rotations in his examples. The ‘straight 
forward computation’ referred to in the discussion of rotations is elementary, but 
messy, algebra. The result is the important thing, not the details of the justification. 


Composites and inverses Having defined a new type of object, isometries, you 
should be expecting the next steps. We show that the composite of isometries is 
also an isometry and that the inverse of an isometry is also an isometry. 


Actually, O'Neill deals only with composition (in Lemma 1.3). O’Neill also ob- 
serves that the inverse of a translation is a translation and, therefore, an isometry. 
The general result for inverses is not difficult and we include the proof here for 
completeness. 


The idea of the proof is straightforward: because an isometry F preserves the 
distance between any two points of EË, in particular it will preserve the distance 
between F~1(p) and F~1(q). 


Lemma 1.3a If F is an isometry of E?, then F~! is also an isometry of E°. 


Proof Suppose that p and q are points in E?. Then, 


M101 and M203 


The set of isometries is closed 
under composition and 
taking inverses. 


d(F~'(p), F7*(q)) = d(F(F-\(p)), F(F71(q))) (because F is an isometry) 


=d(p,q) (because FF’ is the identity). 
Thus 
d(F~"(p), F-*(q)) = d(p, a), 
and F`? is an isometry. 


Orthogonal transformation ONeill defines this, in passing, as a linear transfor- 
mation which preserves dot products. Since angles are, essentially, defined in terms 
of dot products by 


Pq 
cosh = ——_ 
llel] Ilall 
P-q 


“pp Ppya-a’ 


orthogonal transformations preserve angles as well as dot products. In particular 
they preserve right angles, hence the name orthogonal. 
The plan of campaign for the proof of Theorem 1.7 can be set out as follows. 
(a) Deal with isometries that fix the origin by; 
(i) showing that such an isometry preserves dot products; 
(ii) showing such an isometry is linear; 
(iii) deducing that such an isometry is an orthogonal transformation. 
(a) Deal with the general case by combining it with a translation that ensures that 


the composite fixes the origin and, hence, that the composite is an orthogonal 
transformation. 


Lemma 1.6 Two points arise here: polarization and linearity. 


Polarization is the sort of idea that is ‘obvious’ once you have seen it! Actually, it 
simply involves careful application of the information about F and the definitions 
of norm and distance in terms of dot product. 


The final steps in the linearity argument are omitted by O’Neill for the very good 
reason that they take up a lot of space for little insight. However, for completeness, 
here is the missing detail. 


Suppose that 


P = (P1, P2, P3), 


q = (41, 42, 43), 
F(uj)=vi, €1,28: 


Then 


P | J (apiu 4 ba) 
3 
=F | (api + ban) 


(because we know that F acts linearly on the u;) 
3 


= $ (api + bqi)vi 
3 
= Vw: + bgivi) 


3 
=a) pivit bY avi 
i=1 i=1 

aF (p) + bF(q). 


Once you know that F behaves linearly with respect to a basis (the u;) then it 
must behave linearly overall. 


In the next section we shall apply the ideas contained in the proof of Lemma 1.6 to 
obtain an explicit formula for the orthogonal transformation that takes one given 
orthonormal basis into another. 


Optional The comments about closure and inverses, made earlier, may have re- 
minded you of work on groups from previous courses. If time permits, you might 
like to look at Exercises 7 and 8 which discuss groups of isometries. 


Exercise 1.1 O’Neill, page 103, Exercise 1. (This exercise is included to empha- 


size that the order of the orthogonal part and translation part of an isometry is 
important.) 
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Exercise 1.2 O'Neill, page 103, Exercise 2. (Hint: Apply the first exercise.) 
Exercise 1.3 O’Neill, page 103, Exercise 4. 
Exercise 1.4 O’Neill, page 103, Exercise 5. 


Exercise 1.5 O'Neill, page 103, Exercise 6. 
[Solutions on page 16 


2 Derivative maps of isometries 


Read ovnei: Chapter lll, Section 2, pages 104-106. 
oo OOO 
Having obtained the computationally useful expression 

f= TO 


for an isometry, we now go on to consider the derivative map of an isometry. In 
a way, the result of Theorem 2.1 is almost inevitable. The orthogonal part of 
an isometry determines (in a crude sense) how geometric objects will be ‘rotated’ 
whereas the translation part alters only their position in space. Because an isometry 
is a rigid motion, any collection of tangent vectors attached to an object will all be 
‘rotated’ in the same way. Expressed precisely, that is exactly what Theorem 2.1 
says. 


In matrix form, the vector part of F, (vp) is given by 


Corollary 2.2 There is a further deduction that we can make. By applying the 
pointwise principle, we can say that 


FAV) = C(V) 
for any vector field on E®. Because F, preserves dot products, we can deduce that 
FAV) F.(W) =V-W 


for any vector fields V and W on Eĉ. It also follows that F, maps frame fields to 
frame fields. 


If Ey, Ez and E3 form a frame field, then 
F,(E;) - F,(Bj) = EB; E; 
=f: 
Hence F,(E1), F.(E2) and F, (E3) form a frame field. 


Theorem 2.3 With this theorem and the remark that follows, the main aim of 
this section has been achieved. 


Given two points, each equipped with a frame, we can find the unique isometry 
that maps the first point-and-frame to the second. 


It may help to understand where the expression 
C= BA 


comes from if we look in a little more detail at exactly what is required of C'. 


Strictly, the isometry maps 
the point, its derivative map 
deals with the frame. 


The notation set up in Theorem 2.3 means that 
6 = (a11, 412, a13) 
ez = (a21, a22, a23) 
e3 = (a31, a32, a33) 
fi = (b11, b12, b13) 
fo = (b21, b22, b23) 
fs = (b31, b32, b33). 


We want C(e;) = fi so we want C to have the following effect. 


aii bi 
C | ai | = | biz 
a3 bis 
azı bar 
C | az | = | b22 
a23 b23 
a31 b31 
C | azo | = | b32 
a33 b33 


If we combine these as a single matrix equation, we get 


a1 a2 431 bii ba ba 
C | a12 az2 asz | = | biz b22 b32 
413 @23 @33 big beg bas 


We can write this equation as 
C*A ='B. 


We can solve this for C by multiplying on the right by (‘A)~! and, since A and 'A 
are orthogonal, (‘A)~! = YA) = A. Hence 


C= BA 
SIDA. 
A point easily overlooked is that the translation part of the isometry is 
q- C(p) 
and not q — p. This is a consequence of the expression 
Fare 


in which the orthogonal part is applied first. Overall, we require 
F(p)=4 
but 
F(p) = (TC)(p) 
= T(C(p)). 
Thus T is the translation taking C(p) to q. 


We can now predict that, when an isometry is applied to a curve, the orthogonal 
part will determine what happens to the Frenet frame at each point of the curve. 


In spite of the fact that applying Theorem 2.3 is a very important skill, we have 
set only one exercise on it. The reason is that the application to curves will give 
you further opportunity to develop this skill. 


Exercise 2.1 O'Neill, page 106, Exercise 1. 


Exercise 2.2 O’Neill, page 107, Exercise 5. 
[Solutions on page 18 ] 


3 Orientation 


Read oveill: Chapter III, Section 3, pages 107-110. 


Errata 


1 O'Neill, page 108, the second displayed equation in the proof of Lemma 3.2 
should read: 


(Dana) = (= cata) = AS 
k k 
2 O'Neill, page 108, the final calculations in the proof of Lemma 3.2 should read: 
F,(e1) : F.(e2) x Fx(e3) = det(A +C) 
= det Adet*C 
= det A det C 
= sgn Fe; - e2 X e3. E 
Orientation The underlying idea behind the formal definition of orientation (left- 


and right-handed gloves) is probably not as elusive as O’Neill suggests. It is the 
formalization that is tricky. 


Lemma 3.2 You may find the following, expanded, version of the proof helpful. 


Let us denote the attitude matrix of the frame field F,(e;), i= 1,2,3 by B. Then, 
writing out the effect of F,, that is C', in full, we get 


bu a11 
bio | =C | are 
bis a13 
bai a31 
(=) =C (=) 3 
b33 a33 


Combining these, we have 
B= GA, 
Now, the triple scalar product 
F,(e1) + F.(e2) x Fy(e3) 
is the determinant of the attitude matrix B. But, 
det(B) = det((C'tA)) 
= ahaa be KON 
= det(A 'C) 
= det(A) det(‘C) 
= det(A) det(C) 
= sgn F e; - e2 X e3. 
Exercise 3.1 On page 107, Exercise 5 of O’Neill, two frames are defined. Find 
their respective orientations. 


In the last section you found an isometry, F, taking the first frame to the second. 
Find sgn F and hence verify Lemma 3.2 for this example. 


Exercise 3.2 Let the orthogonal transformation C be specified by the matrix 


a Bat 
3 3 
es 2 
3 3 3 
1 2 2 
3 3 a 


and let the vectors v and w be given by 
v=(3,1,-1) and w= (-3,-3,1). 
Check the formula 
C(v x w) = sgn C(v) x C(w). 
[Solutions on page 18] 


4 Euclidean geometry 


Read O'Neill: Chapter Ill, Section 4, pages 112-115. 


Erratum O’Neill, page 113, in Fig. 3.6, the vector attached to @(t) should be 
labelled Y(t), not Y(t). a 


This section provides the final technical tools that we shall need for our discussion 
of congruence of curves and the first half of the theorem that is the main aim of 
this part of the course. 


The central theme of this section is finding out what happens when an isometry 
is applied to a curve. We already know how to find the effect of the isometry 
on the Frenet frame that is attached to each point on the curve: we apply the 
derivative map. For isometries, the derivative map has a particularly simple form. 
We also need to know about the relationship between the Frenet formulas for the 
two curves and these involve the derivatives of the Frenet frame. The main result 
of this section describes exactly how isometries affect derivatives of vector fields. 
This result is then applied to the Frenet frame of a unit-speed curve. 


Acceleration and mappings You might like to work through the compressed 
example in the middle of page 112 in a little more detail. We suggest that you 
ignore the remark about diffeomorphisms. 


Corollary 4.1 It is not quite clear of what this is a corollary! Actually, it follows 
from the fact that the derivative map of an isometry is effected by the same matrix 


at each point of E®. The core of the proof is the paragraph beginning: ‘On the 
other hand...’ 


Theorem 4.2 This is the application of Corollary 4.1 to curves. 


In Part II, Section 4, we showed that all the Frenet apparatus of a curve œ can 
be expressed in terms of the first three derivatives of a by using dot products, 
norms and cross products. These derivatives define three vector fields on the curve 
and Corollary 4.1 tells us that such vector fields are preserved when we apply an 
isometry to the curve. Isometries also preserve dot products, norms and (making 
allowances for sign) cross products. 


Taking these facts into account, it is reasonable to suppose that applying an isome- 
try to a curve gives a new curve with, essentially, the same Frenet apparatus as the 
old one. The theorem makes these ideas precise and then proves that the expected 
actually happens. 
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We know this from the 
general work on mappings. 


The proof makes use of some deductions from the definitions of the Frenet appara- 
tus. Since ĝ is unit speed, we have 


T=, 


«= |[T'] = 18l 
vT, 


When showing that K = «, the proof uses the fact that F, preserves dot products, 
and hence norms, in the line 


e EEN = 16 
In the calculation of N, the proof uses the linearity of F, by asserting that 
F; Y 
A) 2 (©). 
K K 


Note, also, that O’Neill uses the modified definition of r that we gave in Part II, 
Section 3. 


Anticipating the beginning of the next section a little, we define two curves a and 
Ê to be congruent if there is an isometry F such that 


F(a) =p. 
This theorem can then be restated in the following form. 


If œ and £ are congruent unit-speed curves, then 


Ka =Kg and Ta = rg. 


The next section proves the converse: that if we know that two unit-speed curves 
have the same curvature and (making the allowance for sign) the same torsion, then 
the curves must be congruent. We shall show explicitly also how to produce the 
isometry to justify this assertion. 


The two results together show that the curvature and torsion give a complete geo- 
metric description of a curve. 


Non unit-speed curves The results in O’Neill on the effect of isometries on 
curves deal only with unit-speed curves. It is useful to add one further result. 


Lemma 4.4 If a is a curve in E? and F is an isometry, then 
UF(a) = Vay 
that is, F preserves speed. 
Proof We know that F is a mapping and so preserves velocity, that is, 
(F(a))' = F(a’). 
Now 
%(a) = Il (F (|l 
= |1F-(’)|| 
= VF (~): F(a!) 
=Va!’-a’ (because isometries preserve dot products ) 
= lle'll 
=a. 


This completes the proof. 
Exercise 4.1 O'Neill, page 115, Exercise 1. 


Exercise 4.2 O'Neill, page 115, Exercise 2. 
[Solutions on page 19] 


That is r= —B'. N. 


The sign in the second 
equation is determined by 
the sign of the isometry 
which makes the two curves 
congruent. 


11 


5 Congruence of curves 


Read O'neill: Chapter Ill, Section 5, pages 116-121. 


Erratum O’Neill, page 120, the last line of the proof of Corollary 5.6 should read: 
F(a(t)) = F(@(s(t))) = B(s(t)) = BE). a 


In this section we prove the converse of Theorem 4.2 to complete the proof of the 
following result. 


Main theorem on curves If a and £ are unit speed curves in E? then œ and 8 
are congruent if, and only if, 

ke=te and 7 = Ta. 
A by-product. of the method of proof is that it is possible to give an explicit recipe 


for constructing the isometry in such cases. 


We also extend the theorem to non unit-speed curves. This extension requires the 
additional condition that 

Ug = Va > 0. 
The overall strategy is the following. 
(a) Deal with the case in which the two curves are related by a translation. 
(b) Deal with the general case, making use of the special case. 
Let us consider two curves, one a translated version of the other. We know that, for 
a translation, the orthogonal part, C is represented by the identity matrix. Since it 
is C that determines what happens to the velocity vector of a curve, velocity vectors 


of the two curves will actually have the same Euclidean coordinate functions. Thus 
1e velocity vectors will be parallel. 


= 


hat we can detect if two given curves are related by a translation by inspecting 
heir velocities. If their velocity vector fields are parallel, there is a translation 
mapping one curve to the other. 


Lemma 5.2 This lemma deals with the converse of the observation above. It shows 
t 
t 


Note that you cannot actually calculate the three constants p;,i = 1, 2,3 unless you 
know a pair of corresponding points on the two curves. Without this knowledge all 
hat you can assert is the existence of the constants. Fortunately, this is sufficient 
for our purposes. 


= 


Theorem 5.3 The approach to the general case is mildly complicated by the need 
to consider the cases 


TB=Ta and T8 = -Ta 
separately. 


The basic idea is fairly straightforward. We choose corresponding points on each 
curve and choose an isometry that will accomplish the following: 


e map a(0) to (0), 


e map the Frenet frame at a(0) to the Frenet frame at §(0), allowing for a small 
complication. 


Because equality of the functions Ka and Kg implies that 
Ka(0) = (0), 
we choose œ(0) and (0) as the pair of corresponding points. 


We can always construct an isometry to map a given point to another and, simul- 
taneously, map a chosen frame at the first point to a frame at the second. 


t2 


As usual, when discussing 
isometries, we use the 

F = TC notation without 
comment. 


This was the technique you 
practised in Section 2. 


The ‘small complication’ referred to above is the fact that Frenet frames are, by 
definition, always positively oriented. We know that we need to consider orientation 
reversing isometries and so the isometry which simply maps one Frenet frame to 
the other will not always be quite what is needed.. 


We construct the isometry to map Ty and Ng to Tp and Ng respectively. We then 
arrange 


Bot Bg if Ta = TBs 

Ba > -Bp if te = cae 
Intuitively, the isometry F, constructed to this recipe, ensures that @ = F(a) and 
b coincide at (0) and set off in the same direction from (0). The final stage in 
the proof is to show that, not only do they set off in the same direction but they 


remain exactly the same. To do so, we show that their velocities are the same. This 
implies that they are related by a translation. However, the two curves coincide at This is why we needed the 


t = 0, so the translation is the identity. That is an involved way of saying that special case first. 
@ = F(a) =f. 

The detail of the proof that the tangents are parallel, 
T=T 


in the notation of the proof, gets a little involved. Let us look carefully at what 
O’Neill does. 


The expression 
T-T+N-N+B-B 


contains three terms, each of which is the dot product of two unit vectors. Using 
the Schwarz inequality is rather a case of overkill. If T and T are at an angle 0 
then we know that 


T-T =||T\|||T|| cos 0 
<|IFINITI|_ (because —1 < cosd < +1) 
=1 (both are unit vectors). 


Equality will occur only when cos@ = 1 and the vectors are equal. 
Two similar results hold for the other two terms and we deduce that 
T-T+N-N+B-B<3 
with equality only when corresponding vectors are equal. 
Having established that the function 
f=T-T+N-N+B-B 


has the value 3 at one point, namely t = 0, we go on to show that its derivative is 
zero, so that f is constant. It is at this point that the Frenet formulas are used. 
The details omitted by O’Neill are as follows. 


fal -PT TV 4N N4N-N 4B BABB 


=RN-T+T-«N +(-KT+7B)-T+N- (nT +7B) —7N-B-B-rN 
=0. 


It should be clear that the terms do cancel in pairs as O’Neill asserts. 


Comment: You may well have been unhappy about writing down expressions If you did not spot this 
such as inconsistency, do not worry! 
The comment is just in case 


TT you did. 
before we have proved that the two curves are the same. Until the proof is complete, 
we really cannot be sure that T and T have the same point of application. You 
are intended to interpret these expressions as the result of taking the dot products 
after moving both vectors to the origin. 
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Example 5.4 Here O’Neill points out the application of the method of Section 2 
to finding the isometry required to map one curve to another. 


Corollary 5.5 We already have a test for deciding whether or not a curve is a 
cylindrical helix: calculate the ratio r/x. The curve is a cylindrical helix if, and 
only if, this ratio is a constant. 


What O’Neill is discussing here are circular helices. 
Corollary 5.6 This corollary removes the restriction to unit-speed curves. 


Theorem 5.7 O’Neill presents this for completeness and because of the applica- 
tion to which he refers. Since the part of O’Neill referred to does not form part of 
this course, you may omit this theorem, or simply read it out of interest. 


The achievements of this section are substantial. The Frenet apparatus gives a 
standard test for the congruence of curves. Moreover, if two curves are found to be 
congruent, then we have a method of constructing the isometry which makes them 
congruent. 


In constructing such isometries, the only point that needs to be watched is what 
happens to B. Symbolically 


Ta(0) Ta(0) 
Na(0) p++ 4 — Nea(0) 
Ba(0) +B;(0) 
with the sign chosen to match the sign in tg = +Tq. 


The first two exercises give you a chance to practise the basic techniques resulting 
from Theorem 5.3. The others develop the ideas slightly and may be omitted if you 
are short of time. 
Exercise 5.1 The curves œ and £ are defined by 

a(t) = (cost, sint, 0), 

A(t) = 3(-2 cost + 2sint + 3,2cost + sint — 3, cost + 2sin t). 
Show that œ and @ are congruent and find an isometry F such that 

B= F(a). 
Exercise 5.2 The curves a and £ are defined by 

a(t) = (3t — t°, 3t?, 3t + t°), 

Blt) = (3V2, -3t?, V). 
Show that œ and @ are congruent and find an isometry F such that 

B= F(a). 
(Hint: To save you some time, note that œ was discussed in Chapter II, Example 4.4 
on pages 69-70 of O'Neill. Use the results obtained there to shorten your working.) 
Exercise 5.3 O’Neill, page 121, Exercise 1. 


Exercise 5.4 O’Neill, page 122, Exercise 4. 
[Solutions on page 20] 
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6 Summary 


Read ovneill: Chapter III, Section 6, page 123. 


This chapter has introduced the formal definitions necessary to give a definition of 
congruence of curves in E3. 


Using these ideas it was possible to prove that the speed, curvature and torsion 
functions completely determine a curve in E, except for the position of its route 
in space. 

The techniques which have been developed from the theory are: 

(a) deciding whether or not two curves are congruent; 


(b) when two curves are congruent, constructing an isometry that maps one to the 
other. 


This part of the course completes the direct study of curves. In the next part we 
begin the study of surfaces; some of our results about curves will be useful tools in 
this study. 
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Solutions to the exercises 


Solution 1.1 


In order to prove that two transformations (i.e. functions) 
are the same, we show that they have the same effect on 


a typical member of the domain. So, let p € E°. Then 
(CTa)(p) = C(Ta(p)) 
=C(p+a) (definition of Ta) 
=C(p)+C(a) (C is linear) 
=Te(a)(C(p)) (adding C(a) is Teça)) 


= (TecayC)(P)- 
Hence 
CTa = To(a)C. 
Solution 1.2 


As suggested in the hint, we apply the above result. 
FG = (T.A)(ToB) 
= T,(AT)B 
=Ta(Ta(v)A)B (using the previous solution) 
= (ToT 4(v))(AB) 
= Taş aço) (AB). 
Hence the translation part of FG is 
Ta+A(b)> 
and the orthogonal part is 
AB, 
the composite of the orthogonal parts of F and of G. 


Note that the translation part is not simply the 
composite of the separate translation parts. 


fo deal with GF, we could repeat the entire calculation. 
However, it is easier just to interchange a with b, A with 


B. Thus, the translation part of GF is 
Tot B(a) 

and the orthogonal part is 
BA. 


Solution 1.3 


The most straightforward check that C is orthogonal is to 


calculate ‘C C. 


wie wim wit 


‘CC = 


wI wile wily 

wir wiry wile 

wl wir wir 

WIN Wl wiry 
l 

wI WINY w= 
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Now, in matrix form, 


2B pe 
3 3 3 
3 
2 1 2 
alh Sage eS 1 
CP) 3 S 3 (2) 
1o 4 
3 S 3 
z 
3 
_| 9 
~ | 3 
i 
3 
pE ee te 
21 2|(2 
C(q) = ete es 
(a) aR ag : 
Loa e 
3 3 3 
28 
3 
=| 
7 3 
i 
3 
Now, 

25 194 77 
OpyAd=—s5" 5a 33 
_ 135 
7T 
= —15. 

p-q=3x1+1x0-6x3 
=-15 
= C(p): C(a) 
Solution 1.4 
(a) Since 
E ELS 
V2 V2 2 3/2 
01 Oe ay Vs -2 |, 
i y i 8 5v2 
v2 v2 
we have 
C(p) = (-3V2, -2, 5V2). 
Hence 
a= F(p) 
= (T.C)(p) 


= Ta((-3V2, —2,5V2)) 
= (-3V2, -2, 5V2) + (1,3, —1) 
= (-3V2 + 1,1,5V2 — 1). 


(b) For this part, we can usefully apply the solution to 
the first exercise to get an explicit expression for F7'. 


ERr 
agg 
OT a 
= Tic(-a)'C- 


We now calculate the image of p in exactly the same way 
as above. Firstly, 


d gy 
v2 v2 2 
Cp) = a p (-) 
ee: ere R te 
v2 v2 
5V2 
= e 
3v2 
we have 
‘C(p) = (5V2, —2, 3V2). 
Now 
—a = (—1, —3, 1), 
so i ‘i 
Ve AN ia 
‘C(-a) = 01 0 (=) 
EEE a 
v2 v2 
) 
=|-3]. 
v2 
Thus 
q=F"(p) 
= (5V2, —5, 4V2). 


(c) We have 
Talp) = (3,1,7) 


and 
2y 
v2 3 2/2 
0 1 i 1 
1 7 5V2 
—= 0 
V2 

Thus 


q = (CTa)(p) = (—2V2, 1, 5V2). 


Solution 1.5 


There are several possible approaches to this question. 
Perhaps the most obvious is to begin by using the 
definition of isometry as a test: check if 


lF) — F(a) = Ip — all- 
Alternatively, one could try to express each 
transformation in the form 


TaC, 


where C is some matrix transformation and then check C 
for orthogonality. 


On the whole we shall adopt the ‘first principles’ 
approach. The problem with this is that if F is not an 
isometry, it is sometimes difficult to see why not. 


(a) Here we have 
lF(p) -Fl = ||- p- (-a) || 
= |la—pll 
= |Ip—all. 


Thus F is an isometry. 
(b) In this case 
IF) - F(a)l| = |p -aa — a -aal 
= ||P - a) - aall 
= |ip — all llall cos 8 Ilall 


(where 8 is the angle between p — q and a 


= ||p— qlļcosð (since |lal| = 1). 
Since there is no reason why 6 should be zero for all p 
and q, F is not an isometry. This observation enables us 
to construct a counterexample; all we need to do is choose 
p and q so that 6 #0. To do so, let p be any non-zero 
vector perpendicular to a and let q be the zero vector. 
Then p — q is orthogonal to a and so cos@ = 0. Hence 


lipll #0 
but 
IF) = [lol] = 0. 
(c) If we write 
F(p) = (ps, p2, p1) — (1, 2, 3), 
then we can see that F = TC, where T is translation by 
(=1,—2,;—3), 
and C is defined by the matrix 


0.0 2 
GCL Oi. 
1S de 0, 
Since C is orthogonal (it has determinant —1), F is an 


isometry. 


A ‘first principles’ computation also shows directly that 
F is an isometry. 


(d) If we compare ||F(p) — F(q)|| with ||p — all, we get 
IEP) — F(a) = MI, p2, 1) = (41,92, 1)II 
= ||(pı — 1, P2 — 92, 0)|| 
= V(r — 11)? + (m — 92)? 
lp = all = V(r = a1)? + (p2 = a2)? + (Ps = 99). 


We can now see that, if pa — q3 #0, these two results are 
different. 


Hence F is not an isometry. 


There is a directly geometric way of seeing that F cannot 
be an isometry. It maps the whole of E° onto the plane 


z=1. 


Therefore, some points which were separate in the domain 
have the same images in the codomain. Isometries have 
to be one-one, so F cannot be an isometry. 


Solution 2.1 


The best thing to do is probably to cast the translation 
into the standard form for isometries and apply the 
results of the section. 


Informally, a translation has no orthogonal part. 
Formally, this means that a translation is an isometry for 
which 


C=, 


the identity matrix. It follows that T, is represented by 
the identity matrix. 


It follows that the vector part of T,(vp) is 
I(v) =v. 


The result follows. 
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Solution 2.2 ERS 


OF 
If we use the notation of the remark after Theorem 2.3, =1 
we have oe 
2 2 1 Thus the frame is positively oriented. 
3 3 3 For the second frame, the attitude matrix is 
A 4 2%, Ly. 
3 3 3 J2 v2 
E 01 0 
3 3 3 
Ay se : 
V2 V2 : v2 É ae 
with determinant 
ice a ae 1 1 1 
> sjette t0.= 
be eee 2 ( V2 ) v2 ( 3) 
v2 v2 4 S 
Lg 2 2a 
v2 v2 ae 
Ra 0 1 0 Hence the frame is negatively oriented. 
1 1 The isometry found in the earlier exercise has the 
A 0 E isme matrix for its eas part. 
C='BA 2 ° Z 
bog SE 2 2 A 2 1 2 
v2 v2 3 68 8 "8. F 3 
=| yi o}}_2 12 1 4 1 
i i 2 3 3 3V2 3V2 3v2 
=a E 1 2 2 The determinant of this matrix is 
we ae eet ae 1 i 8 1 8 1 
= 3 sÜ = <- 
L. g zl ova sa) Ja ( 9V2 Aa) 
v2 v2 1 1 
zj 2 1 2 “379 
= 3 3 3 ey 
: 2 - This fits in with the calculati f the fi ij 
ae =p Soe his fits in wi he calculations of the frames 
7 0} 
7 3V2 3v2 3v2 orientations. Since the isometry carries a positively 
Since 5 : j- ias T 
oriented frame to a negatively oriented one, its sign must 
Q be —1. 
A 
cm=| 3 |, Solution 3.2 
2. Firstly, we have 
| A32) v x w= (—2,0, —6). 
we require translation by \ i 
i F Now we calculate the various images. 
q-C(p)= (3-0,-1 i g goi 
(p) ( , "SA -5 $ -i 
3 -1 
z ( 4,_4 ) ea aif fai a); 
a 9B 3V2)° 3 3 3 aff iJ 
1 22 
3 3 3 
Solution 3.1 - ee =e 
: . e 3 -3 3 
The first frame has attitude matrix 2 1 2 (=) 11 
2 2 i S yet = AE 
TE aSa 4 
2 23 Sr @ 3 
3 3 3 
fh. 23 2 ei By od 10 
3 3 3 3 3 3 -2 3 
and so its orientation is obtained from the determinant 2 t _2 oj= 8 
whose value is 3 3 3 —6 3 
5 (55455) + (-35 DEF (55 53) re 2 ae 
3 \33 33 3 33 33 3 \33 33 2 2 3 3 


= 55 (2x 6-2 (-6) 41x 3) 
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Since the isometry defined by C has orthogonal part C, 
we have 


C=C 

and, so, 
sgn C, = det C. 

Now, calculating the determinant of C shows that 
sgn C, = —1. 


Also, we have 


10 8 14 
Ci ={-—,--,-— 
ow) x ow) = (-2,-4, 15) 
=-(2 2 -=) 
~ RRS 
=—-C(v xw). 
Since sgn C, = —1, we have 


C(v x w) = —C(v) x C(w) 
= sgn C,C(v) x C(w). 


This completes the check. 


Solution 4.1 


Our main weapon for tackling such a question is 
Theorem 4.2. If we set 


y= F(A), 
then we have exactly the conditions specified in 
‘Theorem 4.2 and we may apply its conclusions. 


(a) If @ is a cylindrical helix, we know that 
Te 


EA 
Ke 
where a is a constant. But 
Ty _ Tg 
ky RE 
= ta, 


which is also a constant. Thus y = F(£) is also a 
cylindrical helix. 


(b) Here we apply the definition of spherical image. The 


coordinate functions of are those of the unit tangent 8’. 


Abusing notation slightly, we can write 


p=p 
Similarly, 
yay. 
Now we bring in the isometry F and its derivative map C. 
y= 
= (F(8))' 
= F.(8') 
= C(6') 
=C(A). 


This is exactly what we were asked to show. 


There is an alternative proof that you may prefer. We 
can write the spherical image of 8 as 


B=T, 
(with much the same sort of abuse of notation as above). 
Similarly, the spherical image of F'({) is 
T=F.(T) (using Theorem 4.2) 
= F,(8) 


= c(i). 


Solution 4.2 
In order to find @, we have to calculate 
-1 0 0 — cost 
1 1 cost E 
0 — -— 3 = | —(snt -2t 
V2 V2 ( t ) = V2 ( ) 
1 1 aon 
Ot, ea: ate — (sint + 2t 
v2 V2 Vii ) 


Thus 
a(t) = (- cos t, ge t— 2t), ge + 2)) x 


Since, with our usual mild abuse of notation, C. = C, we 
can calculate C,(Y) as follows. 


-1 0 0 
roe 1 ( t ) -t 
mB Fe 1-# | =| -v2e? 
2 2 ’ 
S kee y oe 
poi pts 
v2 V2 
so 
Y=C.(Y) = (-t, -V20?, V2). 
Now, 
Y' = (1, —2t, 2t), 
Y'= (-1,-2V2t, 0) 
and since 
-1 0 0 
fi. 1 1 -1 
9 -z - =; -2t | = | -2V2 
2 2 , 
1 x (=) 0 
Ü- aA 
V2 v2 
we have 
C.(Y') = (—1,—2V2t, 0) 
-y' 
We have 


a' (t) = (—sin t, cost, 2), 
a” (t) = (— cost, — sin t, 0), 


T(t) = | sin 1 cost — A cos 
a (t) ( ta t 2), zl 1+9), 


: i 
a(t) = (cost. sin t, ——= sin 1) è 


V2 V2 
Now 
-1 0 0 
1 1 —cost 
C(e")=] 9 VE. ME —sint 
0 
1 1 
Do as wos 
v2 v2 
cost 
ae 
——sint 
= v2 
MERET 
v2 
so 
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Finally, 
Y'- a” = (1, —2t, 2t) - (— cos t, — sin t, 0) 
= —cost + 2tsin t. 
mee s xe E z 
Y-a" = (-1, —2V2t, 0) : (cost “ae $ “ae ‘) 
= — cost + 2tsint 


ton 
Sr wer he 


Solution 5.1 


In order to invoke our main theorem, we must find the 
curvature and torsion functions of both curves. They are 
actually unit-speed curves, but there is no harm in using 
the more general methods usually used for non unit-speed 
curves. We choose to use the unit-speed methods. 


We begin with a. 
a’(t) = (—sin t, cost, 0). 

From this we can see that œ is unit speed, since 
|la’(t)||? = sin? t + cos? t = 1. 

Hence 
Ta = (—sin t, cost, 0); 


Tá = (—cost, — sin t, 0), 


Ka = |[Tall 
=]; 
Na = Th Ra 
= (— cost, — sin t, 0); 
Ba =Ta x Ne 
= (0,0, 1); 
Ba = (0, 0,0), 
Ta = — Bi,» Na 
=0: 


Next, we deal with £. 


b'i) = Zlesin t + 2cos t, —2sin t + cos t, — sin t + 2 cos t). 


E 5, x i 
ILo = g(4sin® t+4cos” t+ 4sin? t+ cos? t 
+ sin? t + 4 cos? t) 
=1 


Thus £ is also unit speed. 


Tg = 3 (2sin t + 2cos t, —2sin t + cost, — sin t + 2 cos t); 


1 5 P A 
Tp = 3 (2 cos t — 2sin t, —2cos t — sin t, — cos t — 2sin t), 


xg = |ITall 
= 3 V 9cos? t +9sin? t 
=l; 

Ns = Tp/kp 


1 r y m 
= 3 (2cost — 2sin t, —2cost — sin t, — cost — 2sin t); 


Bg = To x Ng 
1 
=> —6 
9 (3:6 —6) 
1 
=- —2); 
32 ) 
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Bs = 0; 
tg = —Bg- Ng 
a0: 
From the above we can see that the two curves satisfy the 


requirements of the main theorem and are, therefore, 
congruent. 


To find the isometry, we calculate the Frenet frame at 
t = 0 for both curves. 


For a: 
Ta(0) = (0,1,0), 
Na(0) = (=1,0,0), 
Ba(0) = (0,0, 1). 
For £: 


Ta(0) = }(2,1,2), 
Na(0) = $(2,-2,—1); 
Bo(0) = $(1,2,-2). 


Since the torsions of the two curves are equal, we require 
an isometry that will carry the Frenet frame at a(0) to 
the Frenet frame at (0), and also map a(0) to (0). The 
attitude matrices of the Frenet frames are 


01 0 
-1 00 
0 0 1 


and 
2 1 2 
3. F 3 
2 2 1 
E S “Ss 
1 2 2 
3 33 

respectively. 


If we apply the “B A’ formula from Section 2, then the 
orthogonal part of the isometry is 


ge 
aF 0o10 
Cals = -fa 0 
3 8 8 aa 
E S 
T S B 
žog i 
“3 3 3 
ail 2 a. B 
“| 3 3 
1 2 2 
a 2 8 


We also have 
a(0) = (1,0,0), 


L 4 
a0) = (3,-3.3) 
Next we calculate C(a(0)). 


2 2° 4 z 
“s 3 3. i E 
2k Akola] 2 
32 ajig 3 
12 2 1 
33 38 3 


The translation part of the isometry must be by the 
vector 


1 L4 221 
B(0) — C(a(0)) = (5-4 3) = (-ż, 3 3) 
= (1,-1,0). 
Since the orthogonal and translation parts have been 


found, the isometry is completely specified. We can give 
a description as 


wiw wiv w= 


es, 

nes 

ee 
wl wir wiry 


wI wim wit 


Solution 5.2 


We use the hint offered and give only the calculations for 
B. Since the hint implies that neither is unit speed, we 
use the general formulas. 


First we calculate speed, curvature and torsion. 
B(t) = (3V2, —6t, 3V'2t?) 
B" (t) = (0, -6, 6V2¢), 
B” (t) = (0,0, 6/2). 
P'(t) x B" (t) = (—18V2t?, —36t, —18 V2) 
—18V2(t?, V24, 1). 
BY(t) x B" (t) - B” (t) = 216. 
vs = |[5'(t) 
= V18 + 36t? + 1844 
= VI8V/1 4+ 21? +t 
= 3V2(1 +1”). 
IBE) x BY (t)|| = 18V V1 + 202 + tt 
= 18V2(1 + 27) 
— WA x AQ] 
% 
_ 18/2(1 +2?) 
54/2(1 + t2)? 
1 


~ 3042)" 


o EO x B"H) 8") 
PS 1B & BOP 
—216 
182 x 2 x (1+ t2)? 
L 
3048)?" 
Comparing these with the results found by O’Neill, we 
see that 


Va = 0g > 0, Ka = Kg, Ta = —Tp- 
Thus the curves are congruent. 


To find the isometry we require the Frenet frames at 
t=0. There is little point in finding the general forms of 
the Frenet frame for 3, we might as well just calculate the 
values of the expressions required by Chapter II, 
Theorem 4.3 at t = 0 and use them to find the frame at 
this point only. 


For œ we have the results from Chapter II available and 
they yield the following. 


Ta(0) = Te 
Na(0) = (0, 1,0), 
Ba(0) = ZO Lo, 1). 


For 8 we proceed as indicated above, using the results 
already obtained. 


(1,0, 1), 


won 
1 
= 375 2V2(1, 0,0) 
= (1,0, 0); 
— _F'(0) x 6"(0) 
Fe) = Tao) x BO) 
= =e! 8(0,0, —V2) 
0 0,-1); 
No(0) = Ba(0) x Ta(0) 
= (0,-1,0). 
Because Ta = —Tg, we want 
Ta (0) T(0) 
nol Zo 
Ba(0) —Ba(0) 


(Note the minus sign.) 


The respective attitude matrices of these frames are 


ESM oes 
v2 v2 
Äss 0 1 0 
IE o 
v2 v2 
and 


1 0 0 
B=|0 -1 0], 
0 Ça 


since —Bg(0) = (0,0,1). 


The orthogonal part C of the isometry is, therefore, given 
by 


C='BA 
1 0 1 
1 00 v2 V2 
= (° =i o) 01 0 
a ll ic il 
v2 v2 
oe 
v2 v2 
= 0-1 0 
cath EGA 
v2 v2 
It remains to find only the translation part. We have 
a(0) = B(0) = (0,0, 0). 


Since 
@(0)) = (0, 0,0) = £(0), 
the se part is the identity and the isometry is 


just the orthogonal transformation defined by the matrix 
C. 
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Solution 5.3 = PO x B'E) - BI" (t) 
= B® * BOI 


At first sight the condition given in the question looks 


somewhat mysterious. Let us begin by looking at the first = = 
half of the following assertion. 3 1 
If œ and # are congruent, then 8 can be expressed as = ge 
indicated. Since both the curvature and torsion are constant, so is 
We start by writing down what we know. Using the usual their ratio and £ is a cylindrical helix. Because the 
notation, curvature is constant, it is a circular helix. 
a(t) = œ (t)(1, 0, 0) + a2(t)(0, 1,0) + a3(t)(0, 0,1). In order to find the values of a and b that will make aw 
We also know that there is an isometry F = TC such that congruent to B, we calculate the speed, curvature and 
torsion for a. 
pom HE a'(t) = (—asin t, a cos t, b) 
If we set "(t) a ( ‘i i x 0) 
a = (—4& cos —asin 
e1 = O(1,0,0), m chs Ai 
a” (t) = (asin t, —a cos t, 0), 
e2 = C(0,1,0), 
es = C(0,0,1), a' (t) x œ” (t) = (absin t, —abcos t, a’), 
2 
then, by the linearity of the orthogonal part, a’(t) x a(t) 5 a” (t) =a b. 
C(a) = ai(t)er + a2(t)e2 + a3(t)es. Va = |la’(2)I| 
Since the e;s are images of an orthonormal basis under an = Va? + 82, 
orthogonal transformation, it follows that they are also F P 
orthonormal, that is is. flo’(t) x a” 
a= FE 
ei -ej = ĝij. a 
ava? +b? 
If we define p to be T(0, 0,0), then = —— 
(a? +b?) Ja? +8 
B= F(a) a 
=p+C(a) a +B? 
=ptayi(t)e: + a(t)e2 + a3 (tes. a!(t) x a(t) - a'""(2) 
This completes the proof of the first half. ua lla (t) x a” (t)? 
The first half of the proof also indicates how to prove the n a?b 
other half. Suppose now that # can be written as ~ a? (a? +8?) 
B=ptai(t)er + az(t)ez + az(t)es. EEEL UN 
Let T be translation by p and let C be the (unique) @ +0 
orthogonal transformation that maps We require 
(1, 0,0) e Va = UB 
(0, 1,0) — e . Ka = Kp. 
(0,0,1) 88 The first requirement forces 
Then, from the way we have defined F and the linearity += 
of C, 
and so the second then gives 
b= F(a) ua 
and the curves are congruent. ae 
It follows that 
2 
Solution 5.4 . be 
A : Either of the solutions for b would be acceptable, taking 
We begin by calculating the curvature and torsion of 8. það 


PA= V3 cost, —2sin t, V3 — cos t), 
B'(t) = (—V3sin t, —2 cost, sin t), 
B” (t) = (—V3 cost, 2sin t, cost); 


actually gives 

Ta = Tp, 
which makes finding the isometry slightly easier. Note 
B'A x Y(t) = (2V3 cost —2,—Asin t, ~2V3 — 2cos tfhat this ambiguity is to be expected, depending on 


Ht) x B'A BNA) = —8: whether we require æ to be a helix of the same 
BRE MA x ‘handedness’ as £ or not. 
f 


vp =| Ol With the choice of b as above, we can now find the Frenet 
=vy4+4 frames at t = 0 and, hence, the isometry. 
= 2/2; For 8 we have 
sep = UE x ON B'(0) = (1 + V3, 0, v3 — 1), 
oF 3 
v r EE E 
4/3 sce 
16/2 
th 
=F 
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B'(0) x 8” (0) 
I18’(0) x 8"(0)|| 
1 


= —=(v3 - 1,0,-Vv3-1), 


Ba(0) = 


Ng(0) = Ba(0) x Ts(0) 
= 50, —8, 0) 
(0, —1, 0). 


The corresponding results for a are 
a'(0) = (0, —2, 0), 
1 


Ta(0) = —=(0,1,-1), 
a'(0) x a” (0) 
Bol) = Tarto) x «(ODI 
1 
=—2(0,1,1), 
Fa ) 
Na(0) = Ba(0) x Ta (0) 
= (-1,0,0). 
If we let F = TC be the isometry such that 
F(a) = p, 
then the attitude matrices of the relevant frames are 
1 1 
? A VA 
isha a 0 
1 1 
"Oe 


and 
1+ v3 v3-1 
2V2 2V2 
pe 0 -1 0 
V3-1 o wve=1 
2/2 2V2 


Note that there is no sign reversal because the torsions 


are equal. 


The orthogonal part of the isometry is given by 
C ='B A, noting that, in this case, ‘B = B. 


C='BA 
1473 ö v3 -1 Taa 1 
2/2 2V2 v2 V2 
= 0 -1 0 =i 0 0 
v3-1 a -1 g te 2h, 
2/2 2/2 V2 V2 
pH ot 
2 2 
sia 0 0 
o -t -%3 
2 2 


We also have 
a(0) = (2,0,0), 
(0) = (0, 2,0). 
Since 
C(a(0)) = (0, 2,0) = (0) 


the translation part is the identity. Thus F is the 
orthogonal transformation defined by C. 
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